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Outline

e General Least Squares and MLEs

e Gauss-Markov Theorem & BLUESs
e MVUE

Readings:

e Christensen Chapter 2 and 10 (Appendix B as needed)
e Seber & Lee Chapter 3


https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/

Other Error Distributions

Model:
Y=XB+e€ Ele=0,
Covle] = 0°V
where o2 isascalarand Visan X nm symmetric matrix
Examples:

e Heteroscedasticity: V is a diagonal matrix with [V]; = v;
n Y = 1/nz~ if y; is the mean of n; observations

= survey weights or propogation of measurement errors in physics models
e Correlated data:

= time series; first order auto-regressive model with equally spaced data
Cov(e] = 0*V,wherev;; = pli=Jl.

e Hierarchical models with random effects
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OLS under a General Covariance

e |sitstillunbiased? What'’s its variance? Is it still the BLUE?

* Unbiasedness of ,é

E[8] = E[(X"X)'X"Y]
= (XTX) "' XTE]Y] = (X*X) 'XTE[XB + €]
=B+0,=p0

e Covariance of 3

Cov[A] = Cov[(XTX)'XTY]
= (XIX) ' XTCov[Y]X(XTX) !
=’ (X'X) "' X'VX(X'X) !

e Not necessarily 0(X*'X)~! unless V has a special form
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GLS via Whitening

Transform the data and reduce problem to one we have solved!

e For V > (use the Spectral Decomposition
V = UAUT = UAY2AY2UT
e define the symmetric square root of V as
v1/2 = UA2u”T

e transform model:

V12y = V12X 8 + V1%
Y =X3+¢é

~ ~ ~ ~

e Since Cov[é€] = o2V 12VV~1/2 = 521, we know that Bv = (XTX)'XTY
is the BLUE for B based on Y (X full rank)
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GLS

e If Vis known, then Y and Y are known linear transformations of each other

e any estimator of B thatislinearin Y islinear in Y and vice versa from previous
results

. ,[;'V is the BLUE of 3 based on either Y or Y

e Substituting back, we have

Bv = (XTX)'XTY
_ (XTV_1/2V_1/2X.) _1XTV_1/2V_1/2Y
= (X'vVX)"'X'vly

which is the Generalized Least Squares Estimator of 3

Consider the model Y = x + € where Cov|e| is a known diagonal matrix V. Write |
out the GLS estimator in terms 6f stifis and interpret.”’ ¢
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GLS of g (Full Rank Case)’

e the OLS/MLE of u € C(X) with transformed variables is
= (T -1 _ T ~ A
X(X X) XTY = XBv
VI2X(XTVIX) T XTVY = VX By

e since V is positive definite, multiple thru by V1/2, to show that BV isa GLS/MLE
estimator of 3 iff

X (XTV1X) X7V Y = X8y

e sPy = X(XTV1X) !XTV~ aprojection onto C(X)?Isit an orthogonal
projection onto C(X)?
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Projections

We want to show that Py = X (XTV~1X) !XTV -1isa projection onto C(X)
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Oblique Projections

Then X nmatrix Py = X(X'V~'X) “'XTV—1isaprojection onto the C(X)

e Show that P?V — P+v (idempotent)

e everyvectory € R™ may bewrittenasy = m + nwhere P,y = m and
(I, — Py)y =nwherem € C(Pv)andu € N(Pv)

e Is Py anorthogonal projection onto C'(X) for the inner product space
(R™, (v,u) = viu)?

T

For the inner product space (R", (v,u) = v* u), a projection P that is not an
orthogonal projection is called an oblique projection

https://sta721-F24.github.io/website/ @
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Loss Function

The GLS estimator minimizes the following generalized squared error loss:

Y - X8|

XB)"' (Y — XB)
Xﬂ)TV 12y 12y — X)
XB)'V Y - XB)
1Y — X85

Y —
Y —

(Y
(
(

where we can change the inner product to be

(u,viva=ul Viv
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Orthogonality in an Inner Product Space

For an inner product space, (R", (, >). The projection P is an orthogonal projection if
for every vector x and y in R",

(Px,(I,—P)y) = (1, —-P)x,Py) =0
Equivalently:
(x, Py) = (Px,Py) = (Px,y)

Show that P+ is an orthogonal projection under the inner product
(x,y)v1 =x"Vly

https://sta721-F24.github.io/website/ @
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Variance of GLS

e Variance of the GLS estimator By = (XTVIX)"1XTV~1Y is much simpler

Cov[Bv] = (XTV1X) XTIV ICov[Y]V IX(XTV1X)!
= (X'vIxX) " xX'vivvIiIx(x*v1x)!
=(X'VIX) ' (X'VIX)XTVIX) !

_ 0_2 (XTV—IX)—l

Let ,3 be a linear unbiased estimator of 3 and ,BV be the GLS estimator of 3 in the
linear model Y = X3 + ewith E[e] = 0,, and Cov[e] = o*V with X and V > 0

known. Then ,BV is the BLUE where

Cov[B] > o2(XTV X)) = Cov[Bv]

bhddbmne et TN TOA bkl b 2o [, Lottt/ J o
ILLpPS.7753ta7 24 17T 2. gL TUJ.TU7 VW TUSTLTY E if
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When will OLS and GLS be Equal?

e For what covariance matrices V will the OLS and GLS estimators be the same?

e Figuring this out can help us understand why the GLS estimator has a lower variance
in general.

The estimators ,B (OLS) and ,[:3V (GLS) are the same for all Y &€ R" iff

V = X¥X' t HEHT

for some positive definite matrices ¥ and @ and a matrix H such that HI X = 0.

https://sta721-F24.github.io/website/ ®
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Outline of Proof

We need to show that ,B and ,BV are the same for all Y. Since both P and P are

projections onto C(X), B and BV will be the same iff Py is an orthogonal projection
onto C(X) so that Pyn = 0forn € C(X)= (they have the same null spaces)

1. Show that C'(X) = C(VX) iff V can be written as
V =X¥X" + HPH"

(Show C(VX) C C(X) iff V has the above form and since the two subspaces have
the same rank C(X) = C(VX)

2.Show that C(X) = C(V X)) iff C(X) = C(VX)

3.Show that C(X)* = C(V X))t iff C(X) = C(V X))

4.Showthatn € C(X)*iffn € C(V 'X)*soPyn =0

See Proposition 2.7.5 and Proof in Christensen

14
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Some Intuition

For the linear model Y = X3 + € with E[€] = 0,, and Cov|e] = 0*V, we can always
write

e =Pe+ (I-Pe
— €EX T EN

e we can recover € from the data Y but not ex:

PY =P(XB3 + ex + €,)

= XB+ex = XA
(I, -P)Y=ey=€é=c¢€

e Can ep help us estimate X 3? What if € ;y could tell us something about € x?

e Yes if they were highly correlated! But if they were independent or uncorrelated
then knowing e doesn’t help us!
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Intuition Continued

e For what matrices are ex and € 5y uncorrelated?
e UnderV =1,:

Elexen] = PE[ee’ |(I — P)
= ’PI-P)=0

so they are uncorrelated

e Forthe V inthe theorem, introduce

Zx where E|Zx] = 0, and Cov|Zx| = P
Z\ where E[Zy] = 0,, and Cov|Zy| = @
Zx and Zy are uncorrelated, E|ZxZy] = 0

€ = XZx + HZ\ so that € has the desired mean and covariance V in the
theorem

16
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Intuition Continued

As a consequence we have

EX — Pe = XZX
EN — (In — P)E = HZN
e€x and ey are uncorrelated
Elexen] = E[XZxZ{H”]
— X0H'
=0
so that ex and ey are uncorrelated withV = X¥X? + H®H ~T$

Alternative Statement of Theorem: 3 = By for all Y under Cov[Y] = o2V iff PY
and (I — P)Y are uncorrelated
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Equivalence of GLS estimators

The following corollary to the theorem establishes when two GLS estimators for
different Cov|€| are equivalent :

Suppose V = XW¥XT + Q. Then ,[:}V = BQ

e Canyou construct an equivalent representation based on zero correlationof P Y
and (I, — Pq)Y when Covle] = 0°V?

https://sta721-F24.github.io/website/ ®
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