Hypothesis Testing
Related to SubModels

STA721: Lecture 14
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Outline

Hypothesis Testing:

e Testing submodels
= Extra sum of squares
= [-tests
= Null distribution
= Decision procedure
= P-values
e Testingindividual coefficients
= t-tests
e Likelihood Ratio Tests

Readings:

e Christensen Appendix C, Chapter 3
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Testing Recap

e We assume the Gaussian Linear Model
Ml Y ~N(Wa + XB,0°I) = N(Z8, o°T)

where Wisn x ¢, Xisn x p,Z = [WX],
We wish to evaluate the hypothesis 8 = 0

equivalent to comparing M1 to MO:

MO Y ~ N(Wa,o?I)

SSE 0/ (n — q) and SSE a1 /(n — g — p) are unbiased estimates of o under null
model MO

e butthe ratio >SEar/(n=q) does not have a F distribution
SSE/(n—q—p)
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Extra Sum of Squares

Rewrite SSE j0:

SSEymo =Y '(I-Pw)Y
= Y'@I-Pz+Pz - Pw)Y
=Y I-P)Y+Y!(Pz; - Pw)Y
= SSEy1 + Y ' (Pz — Pw)Y

Extra Sum of Squares:

SSEa0 —SSEyn = Y ' (Pz — Pw)Y
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Expectation of Extra Sum of Squares
E[SSE o — SSEan] = E[YT(Pz — Pw)Y]
e under MO: u = Wa

E(Pz —Pw)Y|=PzWa - PwWa

— WaW,
0

0'2(tl’Pz —+ ter)
o*(qg+p—q) = po’

E[Y!(Pz — Pw)Y]

e underMl: p = X8+ Wa

E[(Pz — Pw)Y] = X,B + Wa — wa,@ — Wa
= (I-Pw)Xp
E[Y!(Pz — Pw)Y]| =po’ + B XTI - Pw)Xp
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Test Statistic

Propose ratio:

o (SSE ;0 — SSE ) /p _ Y/ (Pz —Pw)Y/p
SSExn/(n—q— p) SSEn/(n—q—p)

as a test statistic.

Does F'have an F distribution under MQ?

e denominator SSE ;1 /o does have a x? distribution?
e does numerator SSE 79/0% have a x* distribution?

e are they independent?
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Properties of Pz — Pw

Toshowthat YZ (Pyz — Pw)Y hasa x2 distribution under MO or M1, we need to
show that Pz — Pw is a projection matrix.

e symmetric?

e idempotent?

(Pz — Pw)? = P2 — PzPw — PwPyz + P%
=Pz —PzPw —PwPz + Pw
=Py —PzPw — (Pzpw)T + Pw
=Pz —2Pw +Pw
=Pz - Pw

e Note: we are using PzPw = Pw as each column of Py isin C(W) and hence
alsoin C(Z)

So Py — Pw isaprojection matrix
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Projection Matrix Pz — Pw

Onto what space is it projecting?

o Intuitively, it is projecting onto the part of X that is not in W, X = (I-Pw)X
(the part of X that is orthogonal to W)
C(X) and C(W) are complementary orthogonal subspaces of C(Z)

e P, — P isaprojection matrix onto C’(f{) along C(W)

we are decomposing C(Z) into two orthogonal subspaces C(W) and C(X)
Wecanwrite Pz = Py + Pwwhere P4 Pw = PwP4 =0

Note: we can always write
u=Wa+ XA
= Wa + (I — PW)X,B +PwXpB
— Wa + X5
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Distribution of Extra Sum of Squares

e Since Pz — Pw is a projection matrix
« Y/ (Pz — Pw)Y/o? hasa x distribution under MO

Y/ (Py; - Pw)Y = ||(Pz — Pw)Y|?
= [[(Pz — Pw)(XB +Wa + €l
(Pz — Pw)(XBe|*
= ||(Pz — Pw)el|? if B=0
— €' (Pz — Pw)e
~ 02)(}27 if =0

e showthat Y/ (Pz — Pw)Y and YX(I — Pz)Y areindependent
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F-Statistic
UnderM1: 8 =0

(SSEMO — SSEMl)/p

SSEumi/(n —gq—p)
(SSEMO — SSEMl)/0'2p

F(Y) =

SSEjpn/o%(n — g — p)
D Xp/P
X?Z?,—q—p/(n —q— p)

D
= F, pn—g—p
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Testing Individual Coefficients

Consider the model withp =1, Y = Wa + x8 + € and we want to test that 3 = 0
(MO)

1. fit the full model and compute SSE /4
2. fit the reduced model and compute SSE ;¢

3. calculate the F'statistic and p-value

It turns out that we can obtain this £’ statistic by fitting the full model and the test
reduces to a familiar t-test
Note: SSEno — SSEyi = Y/ (Pz — Pw)Y
=[Pz + Pw — Pw)Y]|’
= |[PxY]”
= ||(T - Pw)X B’
= B"XT(1-Pw)XP
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Testing Individual Coefficients

For p = 1, the F'statistic

SSE ;0 — SSE 1

pry) _ (S5Ewn — SSEun)/
SSEMl/(n — g — ].)

B BT (I — Pw)xf
= 2

S
Bz
s?2/xT(I - Pw)x
F(Y)~Fi,_ g1 under=0

e variance of (:

var[f] = o2 /xT(I — Pw)x = o%v
v=1/x"1-Pw)x
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t-statistic

e Since F(Y) ~ F(1,n —q—1)underM0: 8= 0,t(Y)* ~ F(1,n —q— 1)
under MO: 5 =0
e what is distribution of £('Y') under MO: 8 # 07?

Recall that under MO: 5 = 0,
1.8/vVve? ~ N(0,1)
2.(n—q—1)s%/0? ~ X%_q_l

S.Band s? are independent

13
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Student £ Distribution

A random variable T has a Student t distribution with v degrees of freedom if

D Z

T =
X/v

where

Z ~ N(0,1)
X ~ X,zj
Z and X are independent

. t(Y) = B/+v/vo? has a Student t distribution withn — g — 1 degrees of
freedomunder MO: 5 = 0

https://sta721-F24.github.io/website/
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Decision rules and p-values

https://sta721-F24.github.io/website/
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an F1 , is equal in distribution to the square of
Student t,, distribution under the null model (also
equal in distribution under the full model, but
have a nhon-centrality parameter)

Decision rule was to reject MO if
F(Y) > F]-an_q_]-7a

p-valueis Pr(F1 ,_4—1 > F(Y); the probability
of observing a value of F' as extreme as the
observed value under the null model

using a t-distribution, the equivalent decision rule
is to reject MOif [£(Y)| > t,,_g_1,4/2

p-valueis Pr(|Ty—q—1| > [t(Y)])
equal-tailed t-test

Density

Density

01 2 3 45

0.2 0.4

0.0

F(1,10)

0.0626

0.0626



https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/

16

Likelihood Ratio Tests

e we derived the F'-test heurestically, but the formally this test may be derived as a
likelihood ratio test.

e consider astatisticalmodel Y ~ P,P € {Py: 0 € O}
e Pisthe true unknown distribution for Y

e {Py: 0 c @} isthe model, the set of possible distributions for Y with © the
parameter space

e we might hypothesizethat@® C ®y C ®

e for our linear model this translates as
0= (a,B,0?) CR?Ix {0} x RT CRYI x RP x RT

o compute the likelihood ratio statistic

SUPgco, PO (Y))

R(Y) = supgce Po(Y))
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Likelihood Ratio Tests

Equivalently, we can look at -2 times the log likelihood ratio statistic

A(Y) = —2log(R(Y)) = —2[;;15 1(6) - 216181(9)/

where [ (0) o logpg ('Y ) (the log likelihood)
Steps:

1. Find the MLEs of @ in the reduced model ®,, éo

2. Find the MLEs of $the full model @, 8

3.Compute A(Y) = —2[1(0y) — 1(0)]

4. Find the distribution of A('Y') under the reduced model

with some rearranging and 1-to-1 transformations, can show that this is equivalent to
the F'-test! (HW)
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