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Outline
Hypothesis Testing:

Testing submodels

Extra sum of squares

F-tests

Null distribution

Decision procedure

P-values

Testing individual coefficients

t-tests

Likelihood Ratio Tests

Readings:

Christensen Appendix C, Chapter 3
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Testing Recap
We assume the Gaussian Linear Model

where  is ,  is , ,

M1 Y ∼ N(Wα+Xβ,σ2I) ≡ N(Zθ,σ2I)

W n× q X n× p Z = [WX]

We wish to evaluate the hypothesis β = 0
equivalent to comparing M1 to M0:

M0 Y ∼ N(Wα,σ2I)

 and  are unbiased estimates of  under null
model M0
SSEM0/(n− q) SSEM1/(n− q − p) σ2

but the ratio  does not have a F distribution
SSEM0/(n−q)

SSEM1/(n−q−p)
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Extra Sum of Squares
Rewrite :SSEM0

SSEM0 = YT (I−PW)Y
= YT (I−PZ +PZ −PW)Y
= YT (I−PZ)Y+YT (PZ −PW)Y
= SSEM1 +YT (PZ −PW)Y

Extra Sum of Squares:

SSEM0 − SSEM1 = YT (PZ −PW)Y
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Expectation of Extra Sum of Squares
E[SSEM0 − SSEM1] = E[YT (PZ −PW)Y]

under M0: μ =Wα

E[(PZ −PW)Y] = PZWα−PWWα

=WαWα

= 0
E[YT (PZ −PW)Y] = σ2(trPZ + trPW)

= σ2(q + p− q) = pσ2

under M1: μ = Xβ+Wα

E[(PZ −PW)Y] = Xβ+Wα−PWXβ−Wα

= (I−PW)Xβ
E[YT (PZ −PW)Y] = pσ2 + βTXT (I−PW)Xβ
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Test Statistic
Propose ratio:

as a test statistic.

F =
(SSEM0 − SSEM1)/p
SSEM1/(n− q − p)

=
YT (PZ −PW)Y/p
SSEM1/(n− q − p)

Does  have an F distribution under M0?F

denominator  does have a  distribution?SSEM1/σ2 χ2

does numerator  have a  distribution?SSEM0/σ2 χ2

are they independent?
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Properties of 
To show that  has a  distribution under M0 or M1, we need to
show that  is a projection matrix.

PZ −PW
YT (PZ −PW)Y χ2

PZ −PW

symmetric?

idempotent?

(PZ −PW)2 = P2
Z −PZPW −PWPZ +P2

W
= PZ −PZPW −PWPZ +PW

= PZ −PZPW − (PZPW)T +PW

= PZ − 2PW +PW

= PZ −PW

Note: we are using  as each column of  is in  and hence
also in 

PZPW = PW PW C(W)
C(Z)

So  is a projection matrixPZ −PW
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Projection Matrix 
Onto what space is it projecting?

PZ −PW

Intuitively, it is projecting onto the part of  that is not in , 
(the part of  that is orthogonal to )

X W ~X = (I−PW)X
X W

 and  are complementary orthogonal subspaces of C(
~X) C(W) C(Z)

 is a projection matrix onto  along PZ −PW C(
~X) C(W)

we are decomposing  into two orthogonal subspaces  and C(Z) C(W) C(
~X)

We can write  where PZ = P ~X +PW P ~XPW = PWP ~X = 0

Note: we can always write

μ =Wα+Xβ
=Wα+ (I−PW)Xβ+PWXβ

=W ~α+
~Xβ
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Distribution of Extra Sum of Squares
Since  is a projection matrixPZ −PW

 has a  distribution under M0YT (PZ −PW)Y/σ2 χ2p

YT (PZ −PW)Y = ∥(PZ −PW)Y∥2

= ∥(PZ −PW)(Xβ+Wα+ ϵ∥2

= ∥(PZ −PW)(Xβϵ∥2

= ∥(PZ −PW)ϵ∥2  if β = 0
= ϵT (PZ −PW)ϵ
∼ σ2χ2p  if β = 0

show that  and  are independentYT (PZ −PW)Y YT (I−PZ)Y
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F-Statistic
Under M1: β = 0

F(Y) =
(SSEM0 − SSEM1)/p
SSEM1/(n− q − p)

=
(SSEM0 − SSEM1)/σ2p
SSEM1/σ2(n− q − p)

D
=

χ2p/p

χ2n−q−p/(n− q − p)
D
= Fp,n−q−p
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Testing Individual Coefficients
Consider the model with ,  and we want to test that 
(M0)

p = 1 Y =Wα+ xβ+ ϵ β = 0

1. fit the full model and compute SSEM1

2. fit the reduced model and compute SSEM0

3. calculate the  statistic and -valueF p

It turns out that we can obtain this  statistic by fitting the full model and the test
reduces to a familiar -test

F
t

Note:  SSEM0 − SSEM1 = YT (PZ −PW)Y
= ∥(P ~

X +PW −PW)Y∥2

= ∥P ~XY∥
2

= ∥(I−PW)Xβ̂∥2

= β̂TXT (I−PW)Xβ̂
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Testing Individual Coefficients
For , the  statisticp = 1 F

F(Y) =
(SSEM0 − SSEM1)/1
SSEM1/(n− q − 1)

=
β̂TxT (I−PW)xβ̂

s2

=
β̂2

s2/xT (I−PW)x
F(Y) ∼ F1,n−q−1  under β = 0

variance of :̂β

var[β̂] = σ2/xT (I−PW)x = σ2v

v = 1/xT (I−PW)x

12

https://sta721-F24.github.io/website/

https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/


-statistict

F(Y) =
β̂2

s2/xT (I−PW)x
= (

β̂

s√v
)

2

= t(Y)2

Since  under M0: , 
under M0: 

F(Y) ∼ F(1,n− q − 1) β = 0 t(Y)2 ∼ F(1,n− q − 1)
β = 0

what is distribution of  under M0: ?t(Y) β ≠ 0

Recall that under M0: ,β = 0

1. β̂/√vσ2 ∼ N(0, 1)

2. (n− q − 1)s2/σ2 ∼ χ2n−q−1

3.  and  are independentβ̂ s2
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Student  Distributiont
Theorem: Student  Distribution

A random variable  has a Student  distribution with  degrees of freedom if

where

t

T t ν

T
D
=

Z

X/ν

Z ∼ N(0, 1)
X ∼ χ2ν
Z and X are independent 

 has a Student  distribution with  degrees of
freedom under M0: 
∴ t(Y) = β̂/√vσ2 t n− q − 1

β = 0
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Decision rules and -valuesp
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an  is equal in distribution to the square of

Student  distribution under the null model (also
equal in distribution under the full model, but
have a non-centrality parameter)

F1,ν

tν

Decision rule was to reject M0 if
F(Y) > F1,n−q−1,α

-value is ; the probability

of observing a value of  as extreme as the
observed value under the null model

p Pr(F1,n−q−1 > F(Y)
F

using a t-distribution, the equivalent decision rule
is to reject M0 if |t(Y)| > tn−q−1,α/2

-value is p Pr(|Tn−q−1| > |t(Y)|)

equal-tailed -testt

https://sta721-F24.github.io/website/

https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/
https://sta721-f24.github.io/website/


Likelihood Ratio Tests
we derived the -test heurestically, but the formally this test may be derived as a
likelihood ratio test.

F

consider a statistical model Y ∼ P ,P ∈ {Pθ : θ ∈ Θ}

 is the true unknown distribution for P Y
 is the model, the set of possible distributions for  with  the

parameter space
{Pθ : θ ∈ Θ} Y Θ

we might hypothesize that θ ⊂ Θ0 ⊂ Θ
for our linear model this translates as
θ = (α,β,σ2) ⊂ Rq × {0} × R+ ⊂ Rg × Rp × R+

compute the likelihood ratio statistic

R(Y) =
supθ∈Θ0

pθ(Y))

supθ∈Θ pθ(Y))
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Likelihood Ratio Tests
Equivalently, we can look at -2 times the log likelihood ratio statistic

where  (the log likelihood)

λ(Y) = −2 log(R(Y)) = −2[ sup
θ∈Θ0

l(θ)− sup
θ∈Θ

l(θ)]

l(θ) ∝ log pθ(Y)

Steps:

1. Find the MLEs of  in the reduced model , θ Θ0 θ̂0

2. Find the MLEs of $the full model , Θ θ̂

3. Compute λ(Y) = −2[l( θ̂0)− l( θ̂)]

4. Find the distribution of  under the reduced modelλ(Y)

with some rearranging and 1-to-1 transformations, can show that this is equivalent to
the -test! (HW)F
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